Abstract. We determine the spectra of weighted composition operators acting on the weighted Banach spaces of analytic functions H ∞ v p when the symbol φ has a fixed point in the open unit disk. Further, we apply this result to give the spectra of composition operators on Bloch type spaces. In particular, we answer in the affirmative a conjecture by MacCluer and Saxe.
Introduction.

We denote by H(D)
. These remarks and more about the associated weightṽ can be found in [BBT] . In this paper we are interested in the Bergman spaces of infinite order for the weights v p (z) = (1 − |z| When restricted to various Banach spaces of analytic functions the operation of composition with φ, usually denoted C φ and φ is a self map on the open unit disk in the complex plane, has been object for intense study in recent years, especially the problem of relating operator-theoretic properties of C φ to function theoretic properties of φ. See the books of Cowen and MacCluer [CM] and Shapiro [Sh] for discussions of composition operators on classical spaces of holomorphic functions.
To characterize the spectrum σ(C φ ) of a composition operator acting on Banach spaces of analytic functions when C φ is a non-compact operator has recently been the object of investigations in [CM1] , [Z] and [MS] . More precisely, MacCluer and Saxe [MS] have characterized the spectrum of C φ on the Bergman spaces A p and Hardy spaces H p , 1 ≤ p < ∞, when φ is univalent, not an automorphism, which fixes a point in D. Cowen and MacCluer [CM1] had earlier given σ A 2 (C φ ) and σ H 2 (C φ ) for such φ. Kamowitz [K1] was the first to study the spectrum of C φ on H p , 1 ≤ p < ∞, when φ is not inner and has a fixed point in D. Further, L. Zheng [Z] has recently shown that σ H ∞ (C φ ) = D, when φ, not an automorphism, fixes a point of D and r e,H ∞ (C φ ) = 0. All the proofs of the above mentioned results follow the same pattern and we shall also make use of this method of proof in our investigation of the spectrum of the bounded weighted composition operator
Since we are dealing with bounded weighted composition operators C ψ,φ which can be non-compact the spectrum σ H ∞ v p (C ψ,φ ) will be given in terms of the essential spectral radius r e,H ∞ v p (C ψ,φ ). As an application of the main result we determine the spectrum of a bounded composition operator C φ on the Bloch type space B p , 0 < p < ∞, when φ, not an automorphism, fixes a point in D. If φ, in addition, is univalent and r e,H 2 (C φ ) = 0, then it follows that the spectrum of C φ on the Bloch space coincides with D, which answers in the affirmative a conjecture by MacCluer and Saxe [MS] .
The weighted composition operator
See also [MR] for a similar result. If ψ(z) = 1, then C ψ,φ = C φ is always bounded (see Theorem 2.3 in [BDLT] ). Hence C ψ,φ is bounded for ψ ∈ H ). Thus we conclude by Theorem 2.3 in [BDLT] that C φ ,φ is bounded. If ||C ψ,φ || e,v p denotes the essential norm of C ψ,φ , i.e., the distance from the compact operators,
then we get from [CHD] or [MR] (see also [BDL] ) that
Following Shields-Williams [SW] we consider the pairing 
is in both H 
The main result.
The proof of our main result, Theorem 7, is based on Proposition 1 which is a crucial result in our investigation. 
Before we prove Proposition 1 we need the following easily proved result.
Proof. For α any real number and |z|
Thus the Cauchy product gives
and therefore m k=0
. By the Remark after Lemma 9 in [SW] ,
Next, we obtain that
so there is a constant c(m, p) only depending on m and p such that
Consequently,
Finally by Lemma 10, p.87 in [W] ,
and the estimate follows. 
f has a zero of at least order m at zero}.
and Proposition 1 implies that there is a constant c(m, p) such that for all z ∈ D,
with respect to the compact-open topology and we get that [Z] .
In connection with the above proof, recall that if T is a bounded operator on a Banach space X and Y is an invariant closed subspace of X under T , then σ Y (T |Y ) is not always contained in σ X (T ). For example, if T is the right shift on l 2 (Z) then σ(T ) is the unit circle although the spectrum of T | l 2 (N) is the closed disc.
Recall that (z k ) is an iteration sequence for φ if φ(z k ) = z k+1 for all k. In order to follow the method of proof by Cowen and MacCluer [CM1] we need the next lemma. It should be pointed out that this approach of Cowen and MacCluer [CM1] was influenced by the work of Kamowitz in [K1] . 
Lemma 6. Let p > 0 and suppose that φ(0) = 0 and that
Proof. Because H ∞ v p contains the polynomials, the first statement follows as in [K] , Lemma 2.3. The second result can be proved as Lemma 2.4 in [K] .
Theorem 7. Let p > 0 and suppose φ, not an automorphism, has fixed point a ∈ D and that C ψ,φ :
Proof. We can assume that a = 0. Indeed, if a = 0 let φ a (z) = a−z
Hence C ψ,φ and C ψ 1 ,φ 1 are similar. Therefore they have the same spectrum and the same essential spectral radius.
By Lemma 6 we have that {ψ (0)
, it follows that λ is an eigenvalue (this is true for all bounded operators, see e.g. Proposition 2.2 in [BS] ). If λ = 0 is an eigenvalue of C ψ,φ , then Lemma 6 gives that λ = ψ(0)φ (0) n for some n, so it remains to show that 
For fixed p > 0 we now choose m so large that
where we agree that ψ(z −K )...ψ(z −K−1 ) = 1 in the first term of the sum. Then L λ,ψ is bounded since, with n defined as above, Proposition 1 gives
To show that C * m − λI is not bounded from below, we need to estimate
Now we find a lower bound for ||L
≥ 0 for k = 0 and k = n,
(Later we will find that the iteration sequences (z k ) ∞ k=−K that we will use are such that |ψ(z −K )|...|ψ(z −1 )| > 0 and therefore the expression in (ii) is strictly positive for k = 0.) For such f we calculate
we obtain that
Consequently by Proposition 1,
is a bounded weighted composition operator and we get by Theorem 4.2 in [CHD] or Theorem 2.1 in [MR] that
Given 0 < |λ| < ρ we can pick µ so that |λ| < µ < ρ. Thus there exists n 0 such that for all n ≥ n 0 , ||C
Hence for any K ≥ n 0 we can find a w ∈ D so that
In (iii) we have used Lemma 3 and a remark in the introduction.
This means that for every K ≥ n 0 with the above choice of w ∈ D we can form an iteration sequence (z k )
By choosing K ≥ n 0 large enough, we see that C * m − λI is not bounded from below. 
We shall now apply Theorem 7 to composition operators on Bloch type spaces. Therefore we will pay attention to weighted composition operators C ψ,φ with ψ = φ . Assume that φ(0) = 0 and that C φ is bounded on B p . Then we have that
Thus we conclude the next result from Theorem 7. 
(For p ≥ 1, the boundedness assumption on C φ always holds.)
We remark that a similar result also holds for little Bloch type spaces.
In [MS] In order to study this conjecture we can assume without loss of generality that φ(0) = 0. Therefore by the Schwarz-Pick lemma it follows that σ B (C φ ) is contained in the closed unit disk. Let B 1 ⊕C be endowed with the norm ||(f, α)|| = ||f || B 1 +|α|. Then the map T 1 : B 1 ⊕ C → B given by T 1 (f, α) = α + f is an onto isometry and satisfies T −1 1
By the above we know that
Since r e,H 2 (C φ ) = 0 and φ is univalent, every φ n has finite angular derivative at some point of ∂D [Sh] , p. 57. The Schwarz-Pick lemma gives that ||C φ n || e,B 1 ≤ 1. Now φ n has finite angular derivative at some point ξ ∈ ∂D and we can apply the Julia-Caratheodory theorem [Sh] See [MR1] for a similar argument. Therefore ||C φ n || e,B 1 = 1 and consequently we obtain that r e,B 1 (C φ ) = 1. Thus we have proved the conjecture of MacCluer and Saxe in [MS] . In [MS] MacCluer and Saxe showed that r e,H 2 (C φ ) = s By Schwarz lemma, C φ : B p → B p is bounded for all p > 0. MacCluer and Saxe [MS] point out that for every n ∈ N, the angular derivative of φ n at 1 is given by 10 (φ n ) (1) = 1/s n and at every other ξ ∈ ∂D the angular derivative is infinite. Hence, by the proof of Theorem 2.2 in [MR] and Proposition 2.46 in [CM] For p = 1 this follows of course from Corollary 10 and r e,B p (C φ ) → 0 when p → ∞.
